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An orthomorphism κ of Zn is a permutation of Zn such that i →
κ(i)− i is also a permutation. We say κ is canonical if κ(0) = 0 and
deﬁne zn to be the number of canonical orthomorphisms of Zn . If
n = dt and κ(i) ≡ κ( j) (mod d) whenever i ≡ j (mod d) then κ
is called d-compound. An orthomorphism of Zn is called compat-
ible if it is d-compound for all divisors d of n. An orthomorphism
κ of Zn is called a polynomial orthomorphism if there exists an
integer polynomial f such that κ(i) ≡ f (i) (mod n) for all i. We
develop the theory of compound, compatible and polynomial or-
thomorphisms and the relationships between these classes.
We show that there are exactly td−1zdzdt canonical d-compound
orthomorphisms of Zn and each can be deﬁned by d orthomor-
phisms of Zt and one orthomorphism of Zd . It is known that
zn ≡ −2 (mod n) for prime n; we show that zn ≡ 0 (mod n) for
composite n. We then deduce that Rn+1 ≡ zn (mod n) for all n,
where Rn is the number of reduced Latin squares of order n. We
ﬁnd the value of zn (mod 3) for (a) n  60, (b) n ≡ 1 (mod 3)
and (c) when n is a prime of the form 2 · 3k + 1. Let λn and πn
be the number of canonical compatible and canonical polynomial
orthomorphisms, respectively. We give a formula for λn and ﬁnd
necessary and suﬃcient conditions for λn = πn to hold. Finally, we
ﬁnd a new suﬃcient condition for when a partial orthomorphism
can be completed to a d-compound orthomorphism.
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The value of zn for odd n 25 along with its prime factorisation and the value of zn modulo 3 and n.
n zn Prime factorisation (mod 3) (mod n)
1 1 1 1 0
3 1 1 1 1
5 3 3 0 3
7 19 19 1 5
9 225 32 · 52 0 0
11 3441 3 · 31 · 37 0 9
13 79259 79259 2 11
15 2424195 33 · 5 · 17957 0 0
17 94471089 3 · 31490363 0 15
19 4613520889 2837 · 1626197 1 17
21 275148653115 3 · 5 · 72 · 3347 · 111847 0 0
23 19686730313955 3 · 5 · 1312448687597 0 21
25 1664382756757625 53 · 13315062054061 2 0
1. Introduction
An orthomorphism of the cyclic group Zn is a permutation σ : Zn → Zn such that the mapping
σ ∗ : Zn → Zn , deﬁned by σ ∗(i) ≡ σ(i) − i (mod n) for all i ∈ Zn , is also a permutation. An ortho-
morphism σ is called canonical if σ(0) = 0. Orthomorphisms can be deﬁned for any group and the
interested reader should consult Evans [10]. However, we only study orthomorphisms of Zn . Let zn be
the number of canonical orthomorphisms of Zn . The total number of orthomorphisms of Zn is nzn .
A result of Euler [9, pp. 103–105] implies that zn = 0 if n is even.
Bounds on zn were found in [4,6,8,14,18]. Hence (3.246)n < zn  (0.614)nn!√n for suﬃciently large
odd n. There are conjectured bounds on zn by Vardi [28] and Clark and Lewis [5]. See [18] and [30] for
more details. Some estimates for zn were given by Cooper et al. [7] and Kuznetsov [15,16]. The reader
should be aware that the papers [7] and [8] have received varying citations, likely due to differences
in translation.
Novakovich [23] reproduced a proof of Levitskaya [17] that showed zn ≡ n (mod 2); there are
also proofs in [5] and [18]. We will discuss the value of zn (mod n) in Section 3 and zn (mod 3) in
Section 4. Some non-zero values of zn are listed in Table 1, as given by Shieh et al. in [18] (Sloane’s
[24] A003111).
Let σ be an arbitrary canonical orthomorphism of Zn . The translation of σ by g , denoted T g[σ ],
deﬁned by T g[σ ](i) = σ(i + g) − σ(g) is also a canonical orthomorphism of Zn . The group of transla-
tions G := {T g : g ∈ Zn} acts on the set of canonical orthomorphisms of Zn . Observe that G ∼= Zn .
Let n be an odd number. If c ∈ Zn such that gcd(c,n) = 1 and gcd(c − 1,n) = 1 we can deﬁne an
orthomorphism ηc,n by ηc,n(i) ≡ ci (mod n) for all i ∈ Zn , which is called a linear orthomorphism.
Clark and Lewis [5] showed that the number of linear orthomorphisms of Zn (Sloane’s A058026) is
given by
∏
p∈Pn
pa−1(p − 2) (1.1)
where Pn is the set of prime divisors of n and a = a(p,n) is the greatest integer such that pa divides n.
2. Compound orthomorphisms
Suppose d is a divisor of n. If σ is an orthomorphism of Zn such that σ(i) ≡ σ( j) (mod d)
whenever i ≡ j (mod d) then we call σ a d-compound orthomorphism. Every orthomorphism of Zn
is trivially both 1-compound and n-compound. We call σ a compound orthomorphism if it is d-
compound for some proper divisor d of n. If D is a subset of the divisors of n, we say σ is D-compound
if σ is d-compound for each d ∈ D .
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κ ′ = κ9,3[η2,3, η2,3, η2,3, η2,3, η2,3, η2,3, η2,3, η2,3, η2,3; (0)(15382)(467)]
κ ′′ = κ3,9[η2,9, (01)(28)(37)(46)(5), (053268)(1)(47);η2,3]
= κ9,3[η2,3, η2,3, (01)(2),η2,3, η2,3, η2,3, (01)(2), (02)(1), (02)(1); (0)(154278)(36)]
Fig. 1. Some compound orthomorphisms of Z27 using the notation (2.1).
As we shall see, compound orthomorphisms are a natural and useful class of orthomorphism.
A construction of van Rees [27] gives rise to a Latin square in which every row, column and broken
diagonal (forward and backward) deﬁnes a compound orthomorphism. Evans [11] has used a related
construction in the search for orthogonal orthomorphisms of Z3p for prime p.
Suppose n = dt is odd. Let μ be a canonical orthomorphism of Zd . For all i ∈ Zd , let σi be an
orthomorphism of Zt and ensure σ0 is canonical. Deﬁne the canonical d-compound orthomorphism
κ = κd,t[σ0, σ1, . . . , σd−1;μ] of Zn by
κ(i) ≡ μ(i) + dσi
(i/d) (mod n) (2.1)
for all i ∈ Zn . When d = 1 we have κ = σ0 and when t = 1 we have κ = μ.
Formally, the ranges of μ and σi are Zd and Zt respectively, but we will implicitly equate them
with {0,1, . . . ,d − 1} ⊂ Zn and {0,1, . . . , t − 1} ⊂ Zn respectively by replacing each congruence class
by its least non-negative representative. There are some examples of compound orthomorphisms of
Z27 in Fig. 1.
We now argue that any κ deﬁned by (2.1) is indeed an orthomorphism by showing κ(i) − i =
κ( j) − j whenever i = j. If i ≡ j (mod d) then κ(i) − i ≡ μ(i) − i ≡ μ( j) − j ≡ κ( j) − j (mod d)
since μ is an orthomorphism of Zd . So assume i ≡ j (mod d) and i = j. Without loss of generality,
let i = dk1 + c and j = dk2 + c where k1 = i/d and k2 =  j/d. Observe k1 ≡ k2 (mod t). So κ(i) −
i ≡ μ(c) + dσc(k1) − dk1 − c (mod n) and κ( j) − j ≡ μ(c) + dσc(k2) − dk2 − c (mod n). Therefore
κ(i) − i ≡ κ( j) − j (mod n) since σc(k1) − k1 ≡ σc(k2) − k2 (mod t).
We will now identify some properties of compound orthomorphisms. The following property
shows that (2.1) is suﬃcient to describe all canonical d-compound orthomorphisms.
Property 2.1. Let n = dt. Every canonical d-compound orthomorphism κ of Zn is of the form (2.1). Hence there
are exactly td−1zdzdt canonical d-compound orthomorphisms of Zn.
Proof. We know κ(i) ≡ κ( j) (mod d) if and only if i ≡ j (mod d). Therefore we can deﬁne μ by
μ(i) ≡ κ(i) (mod d) for i ∈ Zd .
Let 〈d〉 be the subgroup of Zn generated by d (mod n). Deﬁne the isomorphism I : Zt → 〈d〉 by
I( j) = dj. For all i ∈ Zd deﬁne τi : 〈d〉 → 〈d〉 by τi( j) = κ( j + i) − μ(i) for all j ∈ 〈d〉. Therefore we
can deﬁne σi : Zt → Zt by σi( j) = I−1τi I( j). The orthomorphism properties for μ and each σi are
inherited from κ .
We can therefore construct every canonical d-compound orthomorphism of Zn by a choice of (a) μ
as one of the zd canonical orthomorphism of Zd , (b) σ0 as one of the zt canonical orthomorphism
of Zt and (c) σ1, σ2, . . . , σd−1 from the tzt orthomorphisms of Zt . 
Property 2.2. If κ is a {d1,d2}-compound orthomorphism of Zn then κ is an lcm(d1,d2)-compound ortho-
morphism.
Proof. Assume, seeking a contradiction, that i, j ∈ Zn are such that i ≡ j (mod lcm(d1,d2)) but κ(i) ≡
κ( j) (mod lcm(d1,d2)). Then either κ(i) ≡ κ( j) (mod d1) or κ(i) ≡ κ( j) (mod d2). Since κ is {d1,d2}-
compound, either i ≡ j (mod d1) or i ≡ j (mod d2), giving a contradiction. 
The converse of Property 2.2 is false; for example, most orthomorphisms of Z15 are not {3,5}-
compound, but all are trivially 15-compound. Fig. 1 lists three examples of orthomorphisms of Z27
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(c) κ ′′ is {3,9}-compound but not linear.
Recall that the translation Td[σ ] of σ is the orthomorphism deﬁned by Td[σ ](i) = σ(i+d)−σ(d).
Property 2.3. Let d be a divisor of n and let σ be an orthomorphism ofZn. If Td[σ ] = σ then σ is d-compound.
Proof. To begin, observe that
σ
(
i + ( j + 1)d)− σ(i + jd) = Td[σ ](i + jd) − Td[σ ](i + ( j − 1)d)
= σ(i + jd) − σ (i + ( j − 1)d)
for any i, j ∈ Zn , since Td[σ ] = σ . Therefore σ(i + ( j + 1)d) − σ(i + jd) = σ(i + d) − σ(i) for all
i, j ∈ Zn . Hence
n
d
(
σ(i + d) − σ(i))≡
n/d−1∑
j=0
(
σ
(
i + ( j + 1)d)− σ(i + jd))≡ 0 (mod n).
Therefore d divides σ(i + d) − σ(i) and also divides
k−1∑
j=0
(
σ(i + d) − σ(i))≡
k−1∑
j=0
(
σ
(
i + ( j + 1)d)− σ(i + jd))≡ σ(i + kd) − σ(i) (mod n)
for all k 1. Thus σ(i + kd) ≡ σ(i) (mod d) for all k 1, which implies that σ is d-compound. 
The converse of Property 2.3 is false; for example, in Fig. 1, T3[κ] = κ while κ is 3-compound.
Property 2.4. Let σ be an orthomorphism of Zn such that Td[σ ] = σ . Then Tgcd(d,n)[σ ] = σ and hence
Td′ [σ ] = σ for all d′ that are divisible by gcd(d,n).
Proof. This follows since the group of translations G is isomorphic to Zn . 
Property 2.5. A canonical orthomorphism σ of Zn is linear if and only if T1[σ ] = σ . Moreover, linear ortho-
morphisms ηc,n satisfy Td[ηc,n] = ηc,n for all d.
Proof. If σ = ηc,n is linear, then T1[ηc,n](i) = ηc,n(i+1)−ηc,n(1) = c · (i+1)− c = ci = ηc,n(i) for all i.
Hence linear orthomorphisms satisfy T1[σ ] = σ . Property 2.4 implies that Td[ηc,n] = ηc,n for all d.
So now assume that T1[σ ] = σ for some arbitrary orthomorphism σ of Zn . For all i ∈ Zn ,
σ(i) = T1[σ ](i) = σ(i + 1) − σ(1). Therefore σ(i + 1) − σ(i) = σ(1) for all i. Since σ is canonical,
σ(i) = σ(0) +∑i−1j=0(σ ( j + 1) − σ( j)) = σ(1)i for all i, implying σ = ησ(1),n . 
Therefore, Property 2.3 implies that linear orthomorphisms are d-compound for all divisors d of n,
a notion we will explore in Section 5.
3. Evaluating zn (mod n)
In this section we ﬁnd the value of zn (mod n) for all n. The value of zn (mod n) for odd n  25
is listed in Table 1. Clark and Lewis [5] proved that zn ≡ −2 (mod n) for prime n. Since their proof
is brief, we have incorporated it into the proof of Theorem 3.1. The main objective of this section is
therefore to show that zn ≡ 0 (mod n) when n is an odd composite number.
D.S. Stones, I.M. Wanless / Finite Fields and Their Applications 16 (2010) 277–289 281Theorem 3.1. If n is prime, then zn ≡ −2 (mod n). If n is composite then zn ≡ 0 (mod n).
Proof. When n is even zn = 0 and the theorem holds, so assume that n is odd. First assume n is
an odd prime number. Let σ be an arbitrary canonical orthomorphism of Zn . Since n is prime,
|G(σ )| ∈ {1,n}, where G(σ ) = {T g[σ ]: T g ∈ G} is the orbit of σ . If |G(σ )| = 1 then σ is a linear ortho-
morphism by Property 2.5. There are precisely n − 2 linear orthomorphisms of Zn by (1.1). Therefore
zn ≡ −2 (mod n). This case was formerly proved in [5]. For the remainder of the proof, we assume
that n is an odd composite number.
Claim: Let C be the set of canonical compound orthomorphisms of Zn . Then zn ≡ |C| (mod n).
The group of translations G acts on the set of canonical orthomorphisms of Zn . Let σ denote
an arbitrary canonical orthomorphism. By the Orbit-Stabiliser Theorem, n = |G| = |G(σ )||Gσ | where
Gσ = {T g ∈ G: T g[σ ] = σ } is the stabiliser of σ . Hence |G(σ )| = n unless there exists Td ∈ Gσ such
that d ≡ 0 (mod n). By Property 2.4, we can assume that d = gcd(d,n) < n, that is, d divides n and
d < n. If d = 1 then σ is a linear orthomorphism by Property 2.5 and so, since n is composite, σ is
a compound orthormorphism by Properties 2.3 and 2.4. Otherwise 1 < d < n, so Property 2.3 implies
that σ is a d-compound orthomorphism. The claim follows since C is closed under the action of G .
Let p be an arbitrary prime divisor of n and suppose n = pat for some t indivisible by p. It is
now suﬃcient to show that pa divides |C|. The group of translations G acts on C . Since we wish to
enumerate modulo pa , we may disregard the orbits that have size divisible by pa . Let κ ∈ C such
that |G(κ)| is indivisible by pa . Then p divides |Gκ |, by the Orbit-Stabiliser Theorem. By Sylow’s First
Theorem, there exists T g ∈ Gκ of order p, implying pg ≡ 0 (mod n). Equivalently, pa−1t divides g .
Property 2.4 implies that Tgcd(g,n) ∈ Gκ , so we can assume that g = pa−1t .
By Property 2.3, κ is g-compound. The group of translations G acts on the set of canonical
g-compound orthomorphisms of Zn , of which there are exactly pg−1zg zgp by Property 2.1. Hence
zn ≡ |C| ≡ pg−1zg zgp (mod pa). Since g − 1  3a−1t − 1  a (as a = 1 implies t  3) we ﬁnd that pa
divides zn . 
Let Rn be the number of reduced Latin squares of order n, that is, n × n Latin squares with the
ﬁrst row and ﬁrst column in order. In [25] we showed that Rn+1 ≡ zn (mod n) if n is an odd prime,
and a result of [19] implies that Rn+1 ≡ 0 (mod n) for all composite n. Corollary 3.2 now follows from
Theorem 3.1.
Corollary 3.2. If n is an odd prime then Rn+1 ≡ zn ≡ −2 (mod n) and if n is composite then Rn+1 ≡
zn ≡ 0 (mod n).
In [26] we found that Rn ≡ 1 (mod n) if n is prime and Rn ≡ 0 (mod n) if n is composite.
4. Evaluating zn (mod 3)
The value of zn (mod 3) for odd n  25 is listed in Table 1. It was established in [18] that zn is
divisible by 3 when n ≡ 2 (mod 3). This result is extended in Theorems 4.1 and 4.2.
Theorem 4.1. Let n be an odd number. If n 5 and n ≡ 1 (mod 3) then zn ≡ 0 (mod 3). If n ≡ 1 (mod 3) then
zn ≡ ζ(n) (mod 3), where ζ(n) is the number of partitions of {1,2, . . . ,n − 1} into parts of size 3 in which
each part has sum divisible by n.
Proof. Let A = {(i, j,aij): i, j ∈ Zn} where
aij ≡ −i − j (mod n). (4.1)
A transversal ψ of A is a subset of cardinality n such that if (i, j,aij) and (i′, j′,a′i j) are distinct
elements of ψ then i = i′ , j = j′ and aij = a′i j . Let T be the set of all transversals of A containing
(0,0,0).
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Values of ζ(n) for some small values of n ≡ 1 (mod 6).
n 1 7 13 19 25 31 37 43 49 55
ζ(n) 1 1 5 52 1055 31814 1403925 83999589 6567620752 649233882590
(mod 3) 1 1 2 1 2 2 0 0 1 2
The canonical orthomorphisms σ of Zn are in one-to-one correspondence with the transversals
{(i, σ (i)− i,−σ(i)): i ∈ Zn} of A containing (0,0,0) (see [30] for more details). Hence zn = |T |. Let C3
be a cyclic group of order 3, acting on A by uniformly permuting the coordinates of each triplet. Con-
sequently, C3 has an induced action on T . The orbit of any ψ ∈ T , denoted C3(ψ), has cardinality
either 1 or 3. Let T = {ψ ∈ T : |C3(ψ)| = 1}, so that zn = |T | ≡ |T | (mod 3).
Suppose ψ ∈ T . If (i, j,aij) ∈ ψ then (aij, i, j), ( j,aij, i) ∈ ψ . Therefore (i, j,aij) ∈ ψ implies that
either i = j = aij or i = j = aij = i, since ψ is a transversal. If i = j = aij then 3i ≡ 0 (mod n) by (4.1).
Let Xψ = {i ∈ Zn: (i, i, i) ∈ ψ}. So n = |ψ | ≡ |Xψ | (mod 3) and Xψ = {0} if 3 does not divide n.
Case I: n ≡ 2 (mod 3). Then n = |ψ | ≡ |Xψ | = 1 (mod 3) giving a contradiction. Hence T = ∅ and
zn ≡ |T | = 0 (mod 3). This case was previously proved in [18].
Case II: n ≡ 1 (mod 3). Again n = |ψ | ≡ |Xψ | = 1 (mod 3). By removing the ordering upon the
triplets in ψ \ {(0,0,0)} we construct a partition of {1,2, . . . ,n − 1} into parts of size 3 and sum
congruent to 0 (mod n). Reversing the process, any such partition can be used to generate 2(n−1)/3
transversals of A. As a result zn ≡ 2(n−1)/3ζ(n) ≡ ζ(n) (mod 3).
Case III: n ≡ 0 (mod 3). Follows from Theorem 3.1 since 3 divides n and n = 3. 
Table 2 shows the computed values of ζ(n) for some small values of n ≡ 1 (mod 6). Every solution
to Heffter’s First Difference Problem can be used to construct one of the partitions counted by ζ(n).
Hence [1] implies that ζ(n) 2(n−1)/12 for large enough values of n ≡ 1 (mod 6). While ζ increases
at least exponentially, we only require the value of ζ(n) (mod 3) for Theorem 4.1. In the following
theorem, we will show that ζ(n) ≡ 1 (mod 3) for primes of the form 2 · 3k + 1 (Sloane’s A111974).
See [2] for a discussion of primality testing numbers of the form h · 3k ± 1.
Theorem 4.2. Let n be a prime of the form 2 · 3k + 1. Then zn ≡ 1 (mod 3).
Proof. The theorem is true when n = 3, since z3 = 1, so assume k 1. By Theorem 4.1, it is suﬃcient
to show that ζ(n) ≡ 1 (mod 3). Let P be the set of partitions counted by ζ(n). Let R =⋃P∈P P .
The multiplicative group Z∗n of integers modulo n is cyclic because n is prime. Moreover, there
exists a cyclic subgroup G < Z∗n of order 3k . The natural action of G partitions P into orbits whose
cardinalities lie in {1,3,32, . . . ,3k}. Let P∗ be the set of all partitions in P that are stabilised by G .
Hence ζ(n) ≡ |P∗| (mod 3) and it is suﬃcient to show that |P∗| = 1.
Observe that the orbits of G on R have size 3k or 3k−1 since each p ∈ R has cardinality 3. Each
P ∈ P has precisely 2 · 3k−1 parts. Therefore, if P ∈ P∗ then the action of G partitions P into exactly
two orbits of cardinality 3k−1. The Orbit-Stabiliser Theorem implies that the stabiliser of each part
p ∈ P has order 3, and hence must be the unique subgroup H  G of order 3. It follows that P∗
consists of the unique partition of Zn \ {0} induced by the action of H . So |P∗| = 1. 
5. Polynomial and compatible orthomorphisms
A permutation σ of Zn is called a polynomial permutation if for some integer polynomial f we
have σ(i) ≡ f (i) (mod n) for all i ∈ Z. We say σ is described by f . If σ is an orthomorphism and a
polynomial permutation then we call σ a polynomial orthomorphism. Let πn be the number of canoni-
cal polynomial orthomorphisms of Zn . If σ is a polynomial orthomorphism of Zn described by f and
r is an integer polynomial such that r(i) ≡ 0 (mod n) for all i ∈ Z, then σ is also described by f + r.
Linear orthomorphisms are simple examples of polynomial orthomorphisms.
Polynomial orthomorphisms of ﬁnite ﬁelds have been studied, for example, by Niederreiter and
Robinson [20] and Wan [29], who showed that, for any ﬁnite ﬁeld Fq where q  4, every orthomor-
phism is described by a polynomial of degree at most q − 3. Evans [10] also discussed polynomial
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the ring Zn .
Theorem 5.1. There exists an orthomorphism of Zn that is not described by any integer polynomial if and only
if n is an odd composite number.
Proof. If n = 1 the theorem is true. If n is even then there are no orthomorphism of Zn and the
theorem is vacuously true. If n is prime then Zn is a ﬁnite ﬁeld and hence every orthomorphism of
Zn is described by a polynomial.
Now suppose n is an odd composite number. Let d be a proper divisor of n and let σ be an
orthomorphism of Zn such that σ(0) = 0 and σ(d) = 1. Grüttmüller [12] showed that σ exists. If f
describes σ , then 0≡ f (0) ≡ f (d) ≡ 1 (mod d), giving a contradiction. 
An orthomorphism σ of Zn is called compatible if σ is d-compound for all divisors d of n. This
deﬁnition follows Nöbauer [22]. Let λn denote the number of canonical compatible orthomorphisms
of Zn . Clearly, every polynomial orthomorphism is compatible, therefore πn  λn for all n. However,
it is not obvious whether or not every compatible orthomorphism is a polynomial orthomorphism –
the argument in the proof of Theorem 5.1 cannot be applied to compatible orthomorphisms.
We will now show that every compatible orthomorphism of Z21 is a polynomial orthomorphism.
There are 5 linear orthomorphisms of Z21, described by 2i, 5i, 11i, 17i and 20i, and 14 other canon-
ical polynomial orthomorphisms of Z21 described by
fa(i) = i4 + (4a+ 2)i3 +
(
6a2 + 6a+ 5)i2 + (4a3 + 6a2 + 10a− 6)i (5.1)
and i− fa(i) for 0 a 6. This is a complete list of the canonical compatible orthomorphisms of Z21.
Hence π21 = λ21 = 19. This raises the question, for what other values of n does πn = λn? That is, when
is every compatible orthomorphism a polynomial orthomorphism? We will answer this question later,
in Theorem 5.6.
Property 5.2. If κ is a canonical compatible orthomorphism of Zdt , then κ = κd,t[σ0, σ1, . . . , σd−1;μ] as
in (2.1) for some compatible orthomorphisms σ0, σ1, . . . , σd−1 and μ. Moreover, if κ is described by the poly-
nomial f , then μ is described by f and σk is described by gk where gk(i) = f (di + k) for all 0 k d − 1.
Proof. By assumption, κ is d-compound, so Property 2.1 implies that κ = κd,t[σ0, σ1, . . . , σd−1;μ] as
in (2.1). Suppose there exists a divisor t′ of t such that σk(i) ≡ σk( j) (mod t′) while i ≡ j (mod t′) for
some i, j ∈ Zt , k ∈ Zd . Then (2.1) implies κ(di+k) ≡ κ(dj+k) (mod dt′) while di+k ≡ dj+k (mod dt′),
giving a contradiction. Next, suppose there exists a divisor d′ of d such that μ(i) ≡ μ( j) (mod d′)
while i ≡ j (mod d′) for some i, j ∈ Zd . Then (2.1) implies κ(i) ≡ κ( j) (mod d′), giving a contradiction.
Therefore σ0, σ1, . . . , σd−1 and μ are all compatible.
Now suppose κ is described by the polynomial f . Then μ(i) ≡ f (i) (mod d) and σk(i) ≡
f (di + k) (mod t) for all i and 0 k d − 1. 
Property 5.2 is a modiﬁed version of Property 2.1 for compatible and polynomial orthomorphisms.
The converse of Property 5.2 is false for both compatible and polynomial orthomorphisms. For exam-
ple, consider the orthomorphism deﬁned by κ = κ5,3[η2,3, η2,3, η2,3, η2,3, η2,3;η2,5]. Then κ(0) = 0
and κ(3) = 1 and therefore κ is not compatible or polynomial, while η2,3 and η2,5 are both polyno-
mial and therefore compatible. However, Property 5.4 will show that the converse is true when dt is
a prime power. We will now extend Property 5.2 in the case when gcd(d, t) = 1.
Property 5.3. Suppose that gcd(d, t) = 1 and let κ be a canonical compatible orthomorphism of Zdt . Then
κ = κd,t[σ0, σ1, . . . , σd−1;μ] as in (2.1) and is uniquely determined by σ0 andμ. Moreover, if κ is a canonical
polynomial orthomorphism then it is described by
fκ (i) = tφ(d) fμ(i) + dfσ0
(
dφ(t)−1i
)
, (5.2)
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tively.
Proof. Property 2.1 implies that κ = κd,t[σ0, σ1, . . . , σd−1;μ] as in (2.1). Given μ and σ0 we can
deﬁne κ by κ(i) ≡ μ(i) (mod d) and κ(i) ≡ σ0( j) (mod t) for all i ∈ Zdt and j ≡ i (mod t). Using the
Chinese Remainder Theorem, κ is uniquely determined. It is straightforward to show that κ deﬁned
in this way is indeed an orthomorphism.
If κ is a polynomial orthomorphism, Property 5.2 implies that μ and σ0 are also polynomial
orthomorphisms. Assume μ and σ0 are described by fμ and fσ0 , respectively. It is straightforward to
show that fκ as given by (5.2) describes an orthomorphism. Since d and t are coprime, Euler’s Totient
Theorem implies that tφ(d) ≡ 1 (mod d) and dφ(t) ≡ 1 (mod t). It follows that fκ (i) ≡ μ(i) (mod d)
and fκ (di) ≡ dfσ0 (dφ(t)i) ≡ dfσ0 (i) ≡ dσ0(i) (mod t), which implies that fκ describes κ since d and t
are coprime. 
It follows from Properties 5.2 and 5.3 that λn and πn are multiplicative functions, that is
λn =
∏
p∈Pn
λpa and πn =
∏
p∈Pn
πpa (5.3)
where Pn is the set of prime divisors of n and a = a(p,n) is the greatest integer such that pa divides n.
Property 5.4. If κ = κd,t[σ0, σ1, . . . , σd−1;μ] as in (2.1) such that σ0, σ1, . . . , σd−1 and μ are all compatible
orthomorphisms, then κ is d′-compound for all divisors d′ of n such that either d divides d′ or d′ divides d.
Proof. Immediate from (2.1). 
We will now ready to give a formula for λpa .
Theorem 5.5. Let p be a prime and a 1. Then
λpa = p(pa−1)/(p−1)−az(p
a−1)/(p−1)
p .
Proof. Properties 5.2 and 5.4 together imply that every compatible orthomorphism κ of Zpa is of
the form κ = κpa−1,p[σ0, σ1, . . . , σp−1;μ] as in (2.1) where σ0, σ1, . . . , σp−1 and μ are all compatible.
Therefore
λpa = ppa−1−1λp
a−1
p λpa−1
for all a 1. Through repeated application we obtain
λpa = ppa−1−1λp
a−1
p λpa−1 = pp
a−1−1+pa−2−1λp
a−1+pa−2
p λpa−2 = · · · = p(p
a−1)/(p−1)−aλ(p
a−1)/(p−1)
p
using the identity
∑a−1
i=0 pi = (pa − 1)/(p − 1). We then use λp = zp . 
We are now ready to classify when πn = λn .
Theorem 5.6. When n is odd, πn = λn if and only if n = 3a35a5 p1p2 . . . pr for r  0, a3  3, a5  2 and
distinct primes pi  7.
Proof. Nöbauer [22] showed that all compatible permutations can be described by an integer polyno-
mial if and only if n = 2a23a3 p1p2 . . . pr for distinct primes pi  5 and a2  3, a3  2. Consequently,
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that πn = λn also when a3  3 and a5  2.
We will now construct canonical compatible orthomorphisms of Zpa for prime p  7 and a  2
that are not polynomial orthomorphisms. To begin, observe that if f is any integer polynomial such
that f (0) = 0 then
2 f
(
pa−1
)≡ f (2pa−1) (mod pa). (5.4)
Therefore, if there exists an orthomorphism σ0 of Zp such that σ0(0) = 0, σ0(1) = 2 and σ0(2) = 1
then κ = κpa−1,p[σ0, σ1, . . . , σpa−1−1;μ] cannot be a polynomial orthomorphism since it would not
satisfy (5.4). Cavenagh et al. [3] showed that σ0 exists for p  11. When p = 7 we can instead use
σ0 = (0)(153462) and again κ cannot be a polynomial orthomorphism because of (5.4). Given σ0, we
may choose σ1, σ2, . . . , σpa−1−1 to be any orthomorphisms of Zp and μ to be any canonical compat-
ible orthomorphism of Zpa−1 , with Property 5.4 implying that κ is compatible. Therefore πpa < λpa
for prime p  7 and a 2. Now we will handle the other odd primes, 3 and 5.
Claim: For p ∈ {3,5}, every compatible orthomorphism of Zpa is described by a polynomial if and
only if there exists an integer polynomial r such that r(i) ≡ pa−1 (mod pa) if pa−1 divides i and
r(i) ≡ 0 (mod pa) otherwise.
⇐ Every orthomorphism σ of Z3 and Z5 satisﬁes σ(i) ≡ η(i)+k where η is a linear orthomorphism
and k is some integer constant. Therefore, using Property 5.2 it is straightforward to construct an
arbitrary compatible orthomorphism of Zpa as the sum of some aﬃne transformations of r.
⇒ Deﬁne the orthomorphism η′2,p by η′2,p(i) ≡ 2i + 1 (mod p). Let f1 be an integer polynomial
that describes the orthomorphism κpa−1,p[η2,p, η2,p, . . . , η2,p;η2,pa−1 ] and let f2 be an inte-
ger polynomial that describes the orthomorphism κpa−1,p[η2,p, η′2,p, η2,p, η2,p, . . . , η2,p;η2,pa−1 ].
Property 5.4 implies that both f1 and f2 exist. Then r deﬁned by r(i) = f2(i + 1) − f1(i + 1)
provides the required polynomial.
Next we identify three cases when there exists an r satisfying the conditions in the claim. When
n = 32, we can take r(i) = 6i2 + 3. When n = 33, we can take r(i) = (i − 1)(i − 2)(i − 3)(i − 4)×
(i − 5)(i − 6)(i − 7)(i − 8). When n = 52, we can take r(i) = 20i4 + 5. The claim therefore implies that
π9 = λ9, π27 = λ27 and π25 = λ25. Next we will show that r, satisfying the conditions in the claim,
cannot exist for greater powers of 3 and 5.
When n = 34, let r(i) = a0+a1i+ i2g(i) for some integer polynomial g and integers a0,a1. We want
r(0) ≡ 27 (mod 81) so a0 ≡ 27 (mod 81). We also want r(9) ≡ 0 (mod 81) implying a1 ≡ −3 (mod 9)
and r(18) ≡ 0 (mod 81) implying a1 ≡ 3 (mod 9). Therefore r cannot be realised and π81 < λ81.
When n = 53, let r(i) = a0+a1i+a2i2+ i3g(i) for some integer polynomial g and integers a0,a1,a2.
We want a0 ≡ 25 (mod 125). We also want r(5) ≡ r(10) ≡ r(15) ≡ 0 (mod 125), giving the three
congruences 25+5a1 +25a2 ≡ 0, 25+10a1 +100a2 ≡ 0 and 25+15a1 +225a2 ≡ 0 (mod 125), which
cannot be simultaneously satisﬁed. Therefore r cannot be realised and π125 < λ125.
Suppose μ is a canonical compatible orthomorphism of Zd and is not described by any in-
teger polynomial. Then Property 5.2 implies that we can choose σ0, σ1, . . . , σd−1 such that κ =
κd,t[σ0, σ1, . . . , σd−1;μ] is a compatible orthomorphism of Zdt that cannot be described by any in-
teger polynomial. Therefore if πd < λd then πdt < λdt . In particular, πpa < λpa if p = 3 and a  4 or
p = 5 and a 3.
To review, we have shown that every compatible orthomorphism of Zpa , for prime p  3, is
described by an integer polynomial if and only if either (a) p = 3 and a ∈ {1,2,3}, (b) p = 5 and
a ∈ {1,2} or (c) p  7 and a = 1. The result now follows from (5.3). 
We will now identify some more properties of polynomial orthomorphisms.
Property 5.7. An integer polynomial f describes a polynomial orthomorphism of both Zd and Zt if and only if
f describes a polynomial orthomorphism of Zlcm(d,t) .
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• f (i) ≡ f ( j) (mod d) and hence f (i) ≡ f ( j) (mod lcm(d, t)); and
• f (i) − i ≡ f ( j) − j (mod d) and hence f (i) − i ≡ f ( j) − j (mod lcm(d, t)).
Similar statements hold for when i ≡ j (mod t). Hence f describes a polynomial orthomorphism of
Zlcm(d,t) .
Now assume f describes a polynomial orthomorphism σ of Zlcm(d,t) . Then σ is compatible, and
in particular {d, t}-compound. Therefore f also describes a polynomial orthomorphism of both Zd
and Zt . 
Property 5.8. Let p be prime and a  2. Then f describes a polynomial orthomorphism of Zpa if and only
if f describes a polynomial orthomorphism of Zp and f ′(i) ≡ 0 or 1 (mod p) for all i ∈ Z, where f ′ is the
derivative of f .
Proof. Nöbauer [21] showed that f describes a permutation of Zpa if and only if f describes a per-
mutation of Zp and f ′(i) ≡ 0 (mod p) for all i ∈ Z. Consequently f and f ∗ , deﬁned by f ∗(i) = f (i)− i,
simultaneously describe permutations of Zpa (that is, f describes a polynomial orthomorphism of
Zpa ) if and only if (a) f describes a permutation of Zp , (b) f ∗ describes a permutation of Zp ,
(c) f ′(i) ≡ 0 (mod p) for all i ∈ Z and (d) ( f ∗)′(i) = f ′(i) − 1 ≡ 0 (mod p) for all i ∈ Z. 
For example, consider f deﬁned by f (i) = i4 + 4i3 − i2 + i. Then f describes a polynomial ortho-
morphism of Z3 and Z7. Property 5.7 implies that f describes a polynomial orthomorphism of Z21.
In fact f describes the same orthomorphism of Z21 as f4 in (5.1). However, f ′(0) = 1 and therefore
Properties 5.7 and 5.8 together imply that f does not describe a polynomial orthomorphism of Zn for
any n that is divisible by the square of any prime.
For another example, consider f deﬁned by f (i) = pr(i) + ki, where p is prime, 2  k  p − 1
and r is any integer polynomial. Then f describes a linear (and hence polynomial) orthomorphism
of Zp and moreover f ′(i) ≡ k (mod p) for all i. Property 5.8 implies that f describes a polynomial
orthomorphism of Zpa for all a.
Properties 5.7 and 5.8 together imply the following corollary.
Property 5.9. An integer polynomial f describes an orthomorphism of Zn if and only if for all prime divisors
p of n, (a) f describes a polynomial orthomorphism of Zp and (b) if p2 divides n, then f ′(i) ≡ 0,1 (mod p)
for all i ∈ Z.
6. Partial orthomorphism completion
A partial orthomorphism of Zn is an injective map ν : S → Zn such that S ⊆ Zn and ν(i) − i ≡
ν( j) − j (mod n) for all distinct i, j ∈ S . We say ν has size a := |S|. Suppose d is a proper divisor
of n, such that for any i, j ∈ S , if ν(i) ≡ ν( j) (mod d) then i ≡ j (mod d), then ν is called a partial
d-compound orthomorphism of Zn . If ν is a partial orthomorphism of Zn such that there exists an
orthomorphism σ of Zn for which ν(i) = σ(i) for all i ∈ S , then we say ν admits a completion.
Let ρa,n be the proportion of partial orthomorphisms of Zn of size a that admit a completion.
Since zn = 0 for even n, we will only discuss odd n. We list some values of ρa,n in Table 3 obtained
by a computer search. For odd n:
• ρ1,n = ρ2,n = ρn−1,n = ρn,n = 1 using results of Grüttmüller [12] and Evans [10, p. 14].
• Grüttmüller1 [13] asked if ρa,n = 1 for n 3a− 1, having showed that:
1 The proof of Theorem 2 in [13] gave a construction that was used to deduce that ρa,n < 1 whenever n 3a − 2 and a is
odd or n 3a − 3 and a is even. This is correct except when a = n− 1, n is odd and n 3.
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Some values of ρa,n .
a n = 3 n = 5 n = 7 n = 9 n = 11
1 1 1 1 1 1
2 1 1 1 1 1
3 1 3/5 79/85 1 1
4 1 91/181 306/331 1
5 1 19/43 460/871 10453/11053
6 1 41/116 8292/14827
7 1 75/194 3264/10661
8 1 3409/14607
9 1 3441/11197
10 1
11 1
(a) ρa,n < 1 when 3 a n− 2 and n 3a− 2; and
(b) ρa,n = 1 when 2 a 7 and 3a− 1 n 21 by a computer search.
• Cavenagh et al. [3] showed that ρ3,n = 1 for prime n 11.
The following lemma describes some of the behaviour of ρa,n as a varies.
Lemma 6.1. If 2 a n− 2 and ρa,n = 1 then ρa−1,n = 1.
Proof. We already observed that the lemma is true when a = 2, so assume 3 a n−2. If n 3a−2
then ρa,n < 1, so the lemma is vacuously true. We can therefore assume n > 3a − 2 > 2a − 1. Let
ν : S → Zn be an arbitrary partial orthomorphism of Zn of size a− 1. Let U be the range of ν . Choose
any s ∈ Zn \ S . It is suﬃcient to ﬁnd u ∈ Zn \ U such that u − s ≡ ν(i) − i for all i ∈ S , since then we
may append s → u to ν to create a partial orthomorphism of Zn of size a. This would then imply
that ν admits a completion, since ρa,n = 1 by assumption. Since {ν(i)− i: i ∈ S} has cardinality a− 1,
a suitable u exists if |Zn \ U | = n− (a− 1) > a− 1, which is true as n > 2a− 1. 
Therefore, for odd n 5 there exists an integer a′ in the range 3 a′ < (n+ 2)/3 such that ρ0,n =
ρ1,n = · · · = ρa′,n = 1 and ρa′+1,n, ρa′+2,n, . . . , ρn−2,n < 1. The upper bound on a′ comes from the
result of Grüttmüller.
Theorem 6.2. Suppose ν : S → Zn is a partial d-compound orthomorphism of Zn of size a. For i ∈ Zn let
Si = {s ∈ S: s ≡ i (mod d)} and let b =maxi(|Si |). If ρa,d = ρb,n/d = 1 then ν admits a completion.
Proof. By Lemma 6.1 and (2.1) it is possible to construct a completion of ν . 
In particular, we have already observed that if b  2 in Theorem 6.2 then ρb,n/d = 1 if n/d is odd
and n/d 3.
Theorem 6.3. Suppose n is the product of r pairwise-coprime odd factors f1, f2, . . . , fr where r > 3a −
1
2 (3+ 3a1/2) and suppose ρa,n/ f1 = ρa,n/ f2 = · · · = ρa,n/ fr = 1. Then ρa,n = 1.
Proof. Let ν be an arbitrary partial orthomorphism of Zn of size a. Let R = {1,2, . . . , r} and for any
X ⊆ R let f X =∏x∈X fx .
It is suﬃcient to ﬁnd X ⊂ R , of cardinality less than r, such that for any distinct i, j ∈ S we have
i ≡ j, ν(i) ≡ ν( j) and ν(i) − i ≡ ν( j) − j (mod f X ). Given such an X , choose d = n/ fc for some
c ∈ R \ X (which is non-empty since |R| = r > |X |). By Theorem 6.2, since ρa,n/ fc = 1, ν admits a
completion to a d-compound orthomorphism of Zn .
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S}, {ν(i): i ∈ S} and {ν(i) − i: i ∈ S}, respectively. Let P = {p1 ∩ p2 ∩ p3: p1 ∈ P1, p2 ∈ P2, p3 ∈ P3},
which is called the meet of P1, P2 and P3.
We begin with X = ∅ and P = P1 = P2 = P3 = {S}. We then progressively add elements to X until
|P1| = |P2| = |P3| = |P | = a. If i and j are in the same part in P1 then, since i ≡ j (mod n), we can
increase |P1| by increasing |X | by one. Similar statements hold for |P2| and |P3| since then ν(i) ≡ ν( j)
and ν(i) − i ≡ ν( j) − j (mod n), respectively. Moreover, if i and j are in the same part in P then we
can increase |P1| + |P2| + |P3| by at least two by adding a single new element, say e, to X . This is
because it is impossible for precisely two of the congruences i ≡ j, ν(i) ≡ ν( j) and ν(i)− i ≡ ν( j)− j
to hold modulo fe .
We work in two stages. Stage 1 is when |P | < a. We choose i and j in the same part of P and
separate them by adding an element to X . Stage 1 ends when |P | = a. In Stage 2 we add elements to
X that will increase at least one of |P1|, |P2| or |P3|. Suppose we add α elements to X in Stage 1 and
β elements to X in Stage 2. Observe that |P1|+ |P2|+ |P3| increases by at least two for every element
added to X in Stage 1 and by at least one thereafter. Initially, |P1| + |P2| + |P3| = 1+ 1+ 1= 3, while
at the end of Stage 2, |P1| + |P2| + |P3| = a + a + a = 3a. Hence 2α + β  3(a − 1). So |X | = α + β 
3
2 (a− 1) + 12β after Stage 2.
We claim that at the end of Stage 1, |P1| · |P2| · |P3| a3/2. Assume for some i ∈ {1,2,3} that we
have |Pi | = 1 a1/2 for some  > 1 (otherwise the claim is trivial). Then Pi must contain a part Q of
size  a/|Pi | = a1/2. Let j,k be such that {i, j,k} = {1,2,3}. If q,q′ ∈ Q and q and q′ are in the same
part in P j (resp. Pk), then q and q′ are in the same part in Pk (resp. P j), contradicting that |P | = a.
Therefore |P j |  a1/2 and |Pk|  a1/2. So |P1| · |P2| · |P3|  a3/2 where  > 1, thus proving the
claim.
Now the Arithmetic Mean–Geometric Mean Inequality implies that |P1|+|P2|+|P3| 3(|P1| · |P2| ·
|P3|)1/3  3a1/2 at the end of Stage 1. It follows that β  3a − 3a1/2 and |X | 3a − 12 (3+ 3a1/2)
at the end of Stage 2. Hence the theorem holds for r > 3a− 12 (3+ 3a1/2). 
We now consider partial orthomorphisms of size 3. As discussed earlier, ρ3,n = 1 for prime n ∈
{2,5,7} and odd n in the range 9  n  21. It remains unresolved if ρ3,n = 1 for all odd n  9.
However, by Theorem 6.3, it is suﬃcient to show that ρ3,n = ρ3,5n = ρ3,7n = 1 for all composite n 25
with |Pn| 4, where Pn is the set of prime divisors of n. Furthermore, many partial orthomorphisms
of size 3 can be shown to admit a completion using Theorem 6.2. In [25] it was shown that the
number of partial orthomorphisms of Zn of size 3 is given by
1
6
n2(n− 1)(n− 2)(n2 − 6n+ 10)< 1
6
n6 (6.1)
when n 1.
Theorem 6.4. Suppose n is odd and has a divisor d such that d is prime or d 21. Then ρ3,n > 1− 9/d.
Proof. The theorem is trivially true when d 7, so assume d 9. If d = n, then n is prime or n 21,
so ρ3,n = 1 by [3] and [13], so assume d < n.
Given a partial orthomorphism ν on domain {s1, s2, s3} we can deﬁne a pair of vectors s =
(s1, s2, s3) and u = (u1,u2,u3) such that ν(si) = ui for 1  i  3. In fact ν deﬁnes 3! such pairs
of vectors. Conversely, given two such vectors s, u ∈ Z3n sometimes si → ui deﬁnes a partial orthomor-
phism.
Let N be the set of all (s, u) ∈ Z3n ×Z3n for which si ≡ s j , ui ≡ u j and ui − si ≡ u j − s j (mod d), for
all 1 i < j  3. Hence
|N| n6 − 3
(
3
2
)
n6
d
.
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Theorem 6.2 implies that each partial orthomorphism si → ui admits a completion to a d-compound
orthomorphism. Therefore there are at least 16 |N| = 16n6(1 − 9/d) partial orthomorphisms of Zn of
size 3 that admit a completion. The result now follows from (6.1), which implies that there are fewer
than n6/6 partial orthomorphisms of Zn of size 3. 
If (ni)i1 is a sequence of odd positive integers such that the greatest prime divisor gpd(ni) → ∞
as i → ∞ then Theorem 6.4 implies ρ3,ni → 1, that is, a partial orthomorphism of Zni of size 3 admits
a completion asymptotically almost surely.
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